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Abstract
Representation of time series data is a fundamental
problem that impacts data analysis in many problems
of medicine and life sciences. Due to the inherent high
dimensionality of time-series data, dimensionality
reduction constitutes one of the important
requirements for a successful representation.
Piecewise aggregate approximation (PAA) of time
series is a widely used approach in this context. In
PAA, the time-series is represented as a set of points
where each point is defined as the average of the
original data points that it represents. Though highly
promising, PAA requires estimating the number of
segments required for the representation a priori. In
this paper we propose a data driven method for
optimally and non-parametrically segmenting a timeseries. Instead of depending on a single estimation of
the segments, we employ multiple methods and
combine the results using an ensemble approach. This
allows the proposed approach to be robust for
different types of data. With difficult biomedical time
series data sets, experimental results show that our
method estimated the optimal segments correctly and
achieved the highest accuracy in a number of
unsupervised time-series classification tasks.

patients. A pair-wise comparison using Euclidean
distance on the raw time series shows (c) and (d) to be
the most dissimilar pair. However, using a PAA
representation, shown in (e) – (h), the time series (e)
and (f) are correctly identified to be the most similar
pair and similarly (g) and (h) are identified to be the
second most similar pair. Given a time series, the
derivation of an appropriate PAA is however nontrivial, as we shall further illustrate in Section 3 after
providing the necessary theoretical background.
Various dimensionality reduction techniques have
been proposed for time series including spectral
methods, projection-based method, and segmentationbased methods [1, 5, 8, 7]. Spectral methods include
discrete wavelet transform (DTW) and discrete Fourier
transform (DFT). Segmentation-based methods include
regression, piecewise linear approximation (PLA) and
piecewise aggregate approximation (PAA). Finally,
sketching is an example of a projection-based
approach. The problem of interest in this paper is
segmenting time series, so the spectral and projectionbased methods are outside the scope of this work as
those methods do not use segmentation.

1. Introduction
Appropriate representation of time series is critical
for various mining and learning tasks. Due to the
inherent high dimensionality of time series data as well
as noise, both dimensionality reduction and noise
reduction are important requirements for time-series
representation. High dimensional and noisy time series
data is common in Bio-medical sciences. For disease
diagnosis, for instance, using similarity search or
clustering, the direct use of raw time series data can
often lead to wrong results. As an illustration, in Figure
1, we show four time series from research in epilepsy
[2]. In this set, the data in (a) and (b) are from a control
(healthy) group, while (c) and (d) are from epileptic
1

Figure 1. Epileptic data set from [2]. (a) and (b) are from
healthy group and (c) and (d) are from epileptic patient
group. Length of each time series is 3,000. (e) - (h) are
PAA representations of (a) - (d). (a) and (b) are the most
similar time series and (c) and (d) are the most dissimilar
pair. With the PAA representations, (e) and (f) are the
most similar pair and the second most similar pair is (g)
and (h).

Regression methods represent a time series into
intervals of degree-k polynomials, where the degree of
the polynomial for each interval is found by dynamic
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programming [7]. Piecewise linear approximation
(PLA) represents a time series into intervals of uniform
characteristics. The three representative algorithms of
the PLA are sliding window, top-down, and bottom-up
methods. The sliding window algorithm finds
breakpoints by starting from the first data point of a
time series and progressing till the point i where the
approximation error exceeds a user defined threshold.
The point i-1 is then declared a breakpoint and the
process continues anew from point i. The top-down
algorithm recursively partitions a time series until the
error of each segment is below a user-specified
threshold. The bottom-up algorithm starts with the
finest possible segments of the time series and then
iteratively merges a pair of adjacent segments while the
error of the newly created segment by merging the pair
of segments is below a user-specified error. PAA
divides a time series into w equal-sized segments and
the mean value of the data within a frame is calculated
so that a vector of these values becomes the reduced
representation of the time series [6]. The number of
segments of the PAA is a crucial user-specified
parameter. Among the methods described above, PLA
and PAA are preferred to regression method due to
their simplicity. However, the performance of these
methods highly depends on the user-specified
parameters, i.e. error threshold and number of
segments. Critically, setting those parameters to
different values often results in different segments and
different representations of the underlying time series.
Typically, there is no analytical way to determine those
parameters a priori. Thus they are typically
approximated using trial-and-error.
This paper focuses on the automatic determination
of the optimal segments for PAA. We focus on the
PAA representation since it provides simple piecewise
linear approximation and dimensionality reduction, and
because PAA has been used in several applications [3,
6, 8]. The contributions of this paper are as follows.
• The optimal segments for PAA are estimated
automatically using non-parametric approximation
without user intervention.
• Instead of depending on a single segmentation
model, in our approach multiple sets of
segmentations from different non-parametric
approximations are combined. This minimizes the
influence of a single segmentation philosophy on
the final results. We adapt two non-parametric
polygonal approximation methods that were
developed for shape representation [9, 10] for this
purpose in this paper.
• We propose the use of a cluster ensemble to obtain
a consensus of multiple clustering results [11]. Our

method was tested using symbolic aggregate
approximation (SAX) [8] which is publicly
available on time series clustering problems. The
experimental results show that this method can
achieve significantly higher classification accuracy
than commonly used techniques at the state-of-theart.
The paper is organized as follows. Section 2 briefly
reviews SAX and section 3 shows an illustrative
example of the segmentation problem. Section 4
describes the automatic determination of the segments
using the two non-parametric approximation methods.
Section 5 addresses the generation of the multiple sets
of segments for a given set of time series and cluster
ensemble method for combining the results.
Evaluations on synthetic and real data sets are
presented in section 6. We conclude the paper in
section 7.

2. Symbolic Aggregate Approximation
SAX [8], represents a time series of arbitrary length
n as a string of arbitrary length w (w < n, typically w
<< n). This method consists of two steps. The first step
involves a normalization of the original data to N(0,1),
and then the normalized data is transformed using
piecewise aggregate approximation (PAA). In the
second step, the PAA is converted into a discrete
string. Figure 2 shows an example of how a time series
of length n is represented in a w-dimensional space
through the procedure.

Figure 2. The symbolic representation. The sequence of
length 120 is reduced to 8 dimensions (w = 8) and is
represented by four SAX symbols (a = 4).

The discrete representation is obtained based on
producing symbols with equal probability. Given the
normalized time series with Gaussian distribution from
the first step, breakpoints are determined to divide the
Gaussian curve into a equal-sized areas. These
breakpoints are determined by looking up in a
statistical table for which the distance calculation of a
pair of alphabets is described in [8]. For example, the
breakpoints for alphabet size 4 (a = 4) are (-0.67, 0,
0.67). Once the breakpoints are determined, a time
series is discretized such that all PAA coefficients
below the smallest breakpoint are mapped to the
symbol “a”, all coefficients greater than or equal to the
smallest breakpoint and less than the second smallest

breakpoint are mapped to the symbol “b”, and so on.
The three gray horizontal lines in Figure 2 represent the
three breakpoints that produce four equal-sized areas
under the Gaussian curve. Given two time series Q and
C and their symbolic representations Q̂ and Ĉ , the
distance between the two corresponding strings in SAX
is given by Eq.(1):
w
ˆ ˆ 2
MINDIST(Qˆ , Cˆ ) = n / w
(1)
i =1 ( dist ( q i , c i ))
The dist() function in Eq.(1) is implemented by SAX
using a lookup table.

3. Illustration of the Problem
Given two sequences U and Y, Figure 3 shows the
situation
where
two
completely
different
representations can be obtained using different
numbers of segments, even if other factors such as the
alphabet size a is kept fixed (In this example a = 6).
When a time series is divided into five segments as
shown in Figure 3(a) and (b), the distance between the
two discrete strings represented by SAX is 0. When the
time series is divided into twenty segments as in Figure
3(c) and (d), the distance between the two discrete
strings represented by SAX symbols is non-zero. If
similarity search or clustering is performed, the two
sequences in Figure 3 (a) and (b) will be considered to
be similar but the two same sequences segmented as in
Figure 3(c) and (d) will be considered to be different.
This example illustrates the critical role played by
segmentation in time series analysis.

4. Nonparametric Piecewise Aggregate
Approximation
Applying SAX requires the two control parameters,
the number of segments w and the alphabet size a be
properly estimated. These parameters determine the
degree of the aggregation of the PAA. Through
extensive experiments, the alphabet sizes a = 5 or a = 6
have been found to be a good choices in most cases [8].
However, the segmentation parameter is highly
dependent on the data. This leads to expensive trialand-error efforts for parameter estimation.
We use two non-parametric piecewise aggregate
approximation (NPAA) methods to determine the
optimal segments. These methods solve optimization to
find breakpoints in a given digital curve. In the first of
these methods [9], the set of longest line segments are
found using the L1 norm, which fits the data with the
minimum sum of absolute errors along each of the line
segments. Given n points (X,Y) and indices i and j such
that i = 1, …, n-1 and j = i+1, …, n, an objective
function is defined as:
F j = L j − E j , (2), where L j = ( x j − x i ) 2 + ( y j − y i ) 2 (3)
and
Ej =

(

j −1
k = i +1 |

( y j − y i ) x k − ( x j − x i ) y k − x i y j + x j y i |)

(4).

( x j − xi ) 2 + ( y j − yi ) 2

The goal of the objective function is to maximize the
length of a line segment Lj and to minimize the error Ej
simultaneously. Unlike shape contours, a time series is
not topologically closed. Consequently, the algorithm
needs to be modified. This is done by designating the
start point of a new segment to be the point following
the end point of the previous segment.
The second method is another non-parametric
polygonal approximation method for digital curves
[10]. This method also starts from the initial point and
then sequentially finds a set of breakpoints of a closed
curve. Whenever a new segment is started, the origin of
the coordinate system is translated to the start point of
the new segment such that whenever a new point
p(xj,yj) is joined to the new segment, xj = xj – xi and yj
= yj – yi, where (xi,yi) is the start point of the segment.
Given n points P, the objective function is defined as:
F j = L j − E j , (5), where L j = ( x 'j ) 2 + ( y 'j ) 2 (6), and

Figure 3. PAA and symbolic representation of two time
series using two different numbers of segments with
alphabet size a = 6. (a) and (c) First 1,000 data points from
Figure 1(a) (b) and (d) First 1,000 data points from Figure
1(c) (a) and (b) number of segments w = 5, = ‘c c c c c’,
= ‘d d c d c’, MINDIST( , ) = 0 (c) and (d) number of
segments w = 20, = ‘c d c d c c d d c c c c c c c c c c d
d’,
= ‘d e d b d e c d c e b c f c e d d c a e’,
MINDIST( , ) = 8.165

Ej =

j −1
k = i +1

( x k' y 'j − y k' x 'j ) 2 / ( x 'j ) 2 + ( y 'j ) 2 (7).

The goal of the objective function is also to maximize
the length of a line segment Lj and to simultaneously
minimize the sum of squared error Ej simultaneously.
It is critical to note that the results from the above
methods can differ depending on the nature of the data,
systematic errors and noise in data collection, and the

optimization strategy underlying each method. The
problem is that we cannot know which method
provides the most appropriate results for a given data
set. Since different sets of breakpoints result in
different clusters, we need a way of finding the
consensus of those multiple sets of different clusters.
Table 1. Four class label vectors for four time series X =
(s1, s2, s3, s4) from the epileptic data in [2], where s1 and
s2 are from healthy group and s3 and s4 are from epileptic
patient group. Each digit in the vectors indicates the
class label of each sequence. (i) is the ith class label
vector from the ith clustering.
(1)

(2)

(3)

(4)

s1
1
2
2
1
s2
1
1
1
1
s3
2
2
2
2
s3
2
2
2
2
Table 2. Hypergraph representation of the class label
vectors in Table 1 with 8 hyperedges (h1 ~ h8).

v1
v2
v3
v4

H(1)
h2
h1
1
0
1
0
0
1
0
1

H(2)
h3 h4
0
1
1
0
0
1
0
1

H(3)
h5 h6
0
1
1
0
0
1
0
1

H(4)
h7 h8
1
0
1
0
0
1
0
1

5. Cluster Ensemble
Cluster ensemble is a method that combines
multiple clustering results of the same data set. Given
the four sets of breakpoints from section 4, the time
series data set are represented into the four sets of
discrete strings by SAX, four sets of clusters are found,
and then their class labels are saved in a class label
vector. Then, the label vectors are transformed into a
hypergraph which is a binary representation of the
cluster label vectors. A hypergraph is a graph in which
generalized edges called hyperedges connect more than
two nodes. Next, based on the hypergraph
representation, a similarity matrix is generated and then
the class label of each sequence is determined by a
cluster-based similarity partitioning algorithm (CSPA).
This section describes the process of cluster ensemble.

5.1. Hypergraph Representation
For a time series of length n, four sets of
breakpoints are identified by the two non-parametric
methods by analyzing a time series with forward and
reverse traversals. With each set of breakpoints, each
sequence is represented into a discrete string by SAX.
Next, clustering is performed so as to assign a class
label to each string. In this paper, four sets of
breakpoints are available, thus the clustering is
performed four times. Due to the different lengths of
strings, dynamic time warping is used to compute the
similarity between time series and the time series are

clustered using DBSCAN, a density-based clustering
approach [4]. From the clustering, four sets of class
labels are generated and they are saved into class label
vectors. Table 1 shows the class label vectors for the
four time series X = (s1, s2, s3, s4). In this example, s1
and s2 are from healthy group and s3 and s4 are from
epileptic patient group in [2]. The class label vectors
are then converted into a hypergraph representation as
in Table 2. The hypergraph is a binary representation
which shows the cluster membership of each time
series. The hypergraph for the class label vectors are
generated as follows: for k number of class labels from
a clustering, eight hyper edges (h1,..,h8) are constructed
in the way that “0” indicates that the sequence is not
the member of the class and “1” does that the sequence
is the member of the class.

5.2 Similarity Matrix
Similarity Partitioning

and Cluster-based

Given the hypergraph representation, a consensus
function is used to find the final clusters. The CSPA is
one of the consensus functions to solve the cluster
ensemble problem [11]. Based on the hypergraph
representation, a similarity matrix is generated for each
clustering such that two objects are defined to have a
similarity of 1 if they are in the same cluster and 0
otherwise. The final similarity matrix S is computed as
S = (1/r)HHT, where r is the number of clusters, H =
(H(1) H(2) H(3) H(4)) and H(*) is a set of hyperedges each
of which indicates the objects of the same cluster label
. Next, the similarity matrix S is used to re-cluster the
time-series.
Algorithm 1. Cluster Ensemble (X)
1. classLabel
{}
2. for i = 1 to 4
3.
brkptsSeti NPAAi(X)
DSi
symbolize(X, brkptsSeti)
4.
5.
clustering(DSi)
i
6. end for
7. H
hypergraphRepresentation( 1,
8. S
computeSimilarityMatrix(H)
clustering(S)
9. classLabel

2,

3,

4)

Algorithm 1 shows the pseudo code that finds the
final clusters of a set of time series using the cluster
ensemble. NPAA1 is the first non-parametric
approximation method and NPAA2 is the second nonparametric method from section 4. Given a set of time
series X, four sets of breakpoints are found by NPAA1
and NPAA2 in forward direction and NPAA3 and
NPAA4 in reverse scan direction. The four sets of
breakpoints are used for the symbolic representation. A
clustering algorithm is applied to each set of discrete
strings to assign class label. The four sets of clusters

are saved into the four class label vectors denoted 1
through 4. Then, each class label vector is represented
through a hyperedge to construct a hypergraph. Using
the hypergraph H, a similarity matrix S is generated so
that a clustering algorithm is applied to assign the final
class label to each sequence of the time series X. The
clustering algorithm can be any reasonable similaritybased clustering algorithm. In this paper, DBSCAN, a
density-based clustering algorithm, is used. DBSCAN
requires two parameters, for the distance between two
data points and MinPts for the minimum number of
neighbors within [4].

(a) Normal
(b) Decreasing
(c) Upward shift
Figure 4. Example time series from each of the three
classes in the control chart data set with n the length of
each time series being 60.

data [2]. In it, 16 time series were selected from each of
two groups, healthy group and epileptic patients group
(Figure 5). The signals in the epileptic patients group
contained seizure activity. The second real-world data
set was the Schistosomiasis data set [12]. This set
represented the phenotypic change (defined in terms of
change in shape, size, movement, and appearance) in
the pathogens which cause the disease schistosomiasis,
when exposed to specific drugs. The time series was
selected from the three groups; control, parasites
exposed to the drug Lovastatin, and those exposed to
the drug Simvastatin. The feature selected for the
clustering was average grayscale intensity, which
captured the texture changes in the tegument of the
parasite as a result of drug-action.
Table 3. Data set description: Class (class label), Num.
seq. (number of time series per class) and n (length of
each time series).
Data set
Control chart
Epileptic

Figure 5. Example EEG time series from each of the two
epileptic data sets, n = 4,097.

6. Experiments
Our experiments analyzed time-series clustering in
three settings: clustering without segmentation,
clustering with uniform segmentation, and clustering
with the proposed method. For clustering without
segmentation, Euclidean distance between the time
series was used along with the DBSCAN algorithm.
For the clustering with uniform segmentation,
MINDIST was used as the distance function for
DBSCAN. Since the optimal number of segments for
the original SAX method can be found only through
exhaustive evaluation, a randomly chosen number of
segments was used. This ensured against bias in
assigning this value. For our method, due to the varying
length of each discrete representation, the similarity
between time series was determined using dynamic
time warping. The experiments involved one synthetic
data set and two real-world data sets. Table 3
summarizes the data.
The synthetic data set was the control chart time
series data from the UCI machine learning repository.
Three classes were selected; normal, decreasing trend
and upward shift. All the 50 times series sequences
were used from each of the three classes and the length
of each time series was 60 (Table 3). Figure 4 shows
three time series exemplifying the classes in the data.
Of the real-world data sets, one represented epileptic

Schistosomiasis

Class
Normal
Decreasing
Upward shift
Healthy
Epileptic patients
Light
Dark

Num. seq.
50
50
50
16
16
20
40

n
60
4,097
320

Time Series Clustering
The data were clustered using DBSCAN. Table 4
shows the two parameters setting for the DBSCAN
algorithm. The MinPts parameter was set to 3 for all
the test cases and the distance parameter was set as
suggested in [4]. For the given MinPts, each point was
mapped to the distance from its MinPts-th nearest
neighbor. The classification accuracy is shown in Table
5. For the original SAX method, the number of
segments for the control chart data set was 3. The
number of segments for the epileptic data set was set to
17 and the number of segments for the schistosomiasis
data set was set to 16. As shown in Table 5, our method
outperformed Euclidean distance and the original SAX
algorithm for all the three data sets. An interesting
observation is that even though the classification
accuracy for the control chart data by the second nonparametric approximation method and forward search
(N2F) was lower than the other three cases (N1F, N1B,
and N2B), the final classification accuracy by
combining all the class labels was not significantly
affected by the clustering result. The other key
observation is that the second approximation method
and forward search resulted in lower classification
accuracy for the control chart data compared to other
methods but worked competitively with respect to the
other methods for the other two data sets. This supports

the claim that there is no absolute best method for all
types of data and justifies the design philosophy
proposed in this paper.

Figure 6. Example schistosomula selected from the light
colored (left two) and dark colored (right two) groups.
Table 4. Distance parameter for DBSCAN for each case,
MinPts = 3, alphabet size a = 6. The number of segments:
w = 3 (control chart data), w = 17 (epileptic data), and w =
16 (Schistosomiasis data). Eu: Euclidean distance, SAX:
the SAX method, N1F(N1B): the first non-parametric
approximation and forward search (backward search),
N2F(N2B): the second non-parametric approximation and
forward search (backward search), CE: cluster ensemble.
ML: number of mislabeled sequences.
Eu
11
15
22

SAX

N1F
N2F
N1B
N2B
Control chart data (Total: 150, n = 60)
1
0.06
0.06
0.06
0.06
Epileptic data (Total: 32, n = 4,097)
0.6
0.06
0.05
0.07
0.05
Schistosomiasis (Total: 60, n = 320)
1.8
1.6
1.7
1.6
1.7

CE
0.5
0.05
0.5

Table 5. Number of mislabeled sequences (ML) and
classification accuracy Acc (%)
Eu

ML
Acc
ML
Acc
ML
Acc

SAX
N1F
N2F
N1B N2B
Control chart data (Total: 150, n = 60)
41
33
21
31
18
27
72.7
78
86.0
79.3
88.0
82.0
Epileptic data (Total: 32, n = 4,097)
16
17
1
1
1
1
50
46.9
96.9
96.9
96.9
96.9
Schistosomiasis (Total: 60, n = 320)
11
8
3
4
3
4
81.7
86.7
95
93.3
95.0
93.3

CE
19
87.3
1
96.9
2
96.7

7. Conclusions
In this paper, we presented a method of finding
optimal segments of time series using non-parametric
approximation. We have also described a clustering
method that combines the multiple clustering results of
the time series using cluster ensemble. For high
dimensional medical and life science time series data,
our method can lead to effective representation and
analysis as underlined by the experiments.
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